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CHAPTER

Basic Mathematic & Logarithm

SECTION - A : BASIC MATHS
NUMBER SYSTEM

Natural Numbers

The counting numbers 1, 2, 3,4 ........ are called Natural
Numbers. The set of natural numbers is denoted by N.
Thus, N= {1, 2, 3,4,......}. N is also denoted by I" or Z*

Whole Numbers

Natural numbers including zero are called whole numbers.
The set of whole numbers, is denoted by W. Thus W = {0,
1,2,.....}. Wis also called as set of non-negative integers.

Integers
The numbers..—3,-2,-1,0, 1, 2, ... are called integers
and the set is denoted by I or Z.
Thus 1 (orZ)={...-3,-2,-1,0,1,2,3......... }
1. Setofpositive integers, denoted by I “ and consists

of {1,2,3, . }

2. Setofnegative integers, denoted by I - and consists
of {ionennn. ,—3,-2,-1}

3. Set of non-negative integers {0, 1, 2, 3............ }

4. Set of non-positive integers {....,-3,-2,-1, 0}

Even Integers
Integers which are divisible by 2 are called even integers.
eg 0,£2,+4,....

Odd Integers
Integers which are not divisible by 2 are called as odd
integers. e.g. £ 1,£3, .......

Prime Number
Let ‘p’ be a natural number, ‘p’ is said to be prime if it has
exactly two distinct factors, namely 1 and itself.
e.g2,3,57,11,13,17,19,23,29,31,......
Remarks

1. ‘1’ is neither prime nor composite.

2. 2’ 1is the only even prime number.

Composite Number
Let ‘a’ be a natural number, ‘a’is said to be composite if; it
has atleast three distinct factors.

Co-prime Numbers
Two natural numbers (not necessarily prime) are coprime,
if their H.C.F.(Highest common factor) is one.e.g. (1, 2),
(1,3),(3.4),(3,10), (3, 8), (5, 6), (7, 8) etc.

These numbers are also called as relatively prime
numbers.

Remarks

1. Number which are not prime are composite
numbers (except 1)

2. ‘4’ is the smallest composite number.

3. Two distinct prime numbers are always co-prime but
converse need not be true.

4. Consecutive numbers are always co-prime
numbers.

Twin Prime Numbers

If the difference between two prime numbers is two, then
the numbers are called as twin prime numbers.

eg. {3,5},{5,7}, {11,13}, {17, 19}, {29,31}

Rational Numbers

All the numbers those can be represented in the form p/q,
where p and q are integers and q = 0, are called rational
numbers and their set is denoted by Q.

p
Thus Q= {a :p,q € land q=0}. It may be noted

that every integer is a rational numbers.If not integer then
either finite or recurring.

Irrational Numbers

There are real numbers which cannot be expressed in p/q
form. These numbers are Called irrational numbers and
their set is denoted by Q° or Q’.

(i.e. complementary set of Q) e.g..[2, 1 +4/3, e, n etc.
Irrational numbers can not be
as recurring decimals.

expressed

Remark:
1. e.~2.71 is called Napier’s constant and n ~ 3.14.
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1.2 Theory and Exercise Book

a
SURDS EXAMPLE 4
If a is not a perfect nth power, thenf/g is called a surd of Find the square root of 7 + 2 \/E
the nth order.
SOLUTION
a .

In an expression of the formm , the Let/7+ 2410 = \/;‘F\/; . Squaring, x +y + 2@

denominator can be rationalized by multiplying numerator ~ ~ 7+2v/10

and the denominator by./p —+/c which is called the

conjugate of \/p + +/c - If x +\/§ =a+.,p wherex,y,a,

b are rationals, then x =aand y=b.

SOLVED EXAMPLE [

EXAMPLE 1
Prove that log, 5 is irrational.
SOLUTION

Let log, 5 is rational.

p
=~ log, 5= a; where p and q are co-prime numbers

= 3P4=35 = 3P =59, which is not possible, hence our
assumption is wrong and log, 5 is irrational.

EXAMPLE 2

12
Simply (make the denominator rational) m

SOLUTION

o 126+5+2V2) 123445 +242)
The expression = G+5) -(2\2) 6+65

23+5+242)(5-1) _ 22+245+2410-242)
5+1)x(/5-1) 4

= 1+5+410-42

EXAMPLE 3

Find the factor which will rationalize \@ + %

SOLUTION

Let x=3">and y = 5'%. The L.C.M. of the denominators

of the indices 2 and 3 is 6. Hence x° and y® are rational.

Nowxt+y'=x+y) X-x'y+xy—x¥ +xy' -y
Hence the rationalizing factor required = x°— x* y

+ 3y - x>y  + xy* — y° where x =3"> and y = 5.

Hence x + y=7 and xy = 10.These two relation give x =5,

y =2. Hence /74210 =/5+/2

Remark:

1. \/7 symbol stands for the positive square root only.

EXAMPLE 5

Prove that 3/ cannot be represented in the form p + \/> ,

where p and q are rational (q > 0 and is not a perfect square).

SOLUTION

Put 3/2 :p+\/a. Hence 2 =p*+ 3pq + 3p*+q) \/>,
Since q is not a perfect square, it must be 3p> + q =0,
which is impossible.

Real Numbers
The complete set of rational and irrational numbers is the
set of real numbers and is denoted by R. Thus R =Q u Q°.
Real numbers can be represented as points of a line. This
line is called as real line or number line
All the real numbers follow the order property
i.e. if there are two distinct real numbers a and b

then eithera<bora>b

<— Negative side—>| <— Positive side——>

32-1 0 122 3n
Remarks
1. Integers are rational numbers, but converse need
not be true.
2. Negative of an irrational number is an irrational
number.

3. Sumofarational number and an irrational number

is always an irrational number e.g. 2 + ﬁ

4 The product of a non zero rational number & an
irr. number will always be an irrational number.

5. Ifa e Qand b ¢ Q, then ab = rational number,
onlyifa=0.

Sum, difference, product and quotient of two
irrational numbers need not be an irrational number
(it may be a rational number also).
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Basic mathematic & Logarithm 1.3

Complex Number
A number of the form a + ib is called complex number,

where a, b € Rand i =,/_1. Complex number is usually
denoted by C.

Remark
1. It may be noted that Nc WclcQcRcC.

SOLVED EXAMPLE

EXAMPLE 6

Every number is one of the forms 5n, Sn+ 1, 5Sn £+ 2.

SOLUTION
For if any number is divided by 5, the remainder is one of
the numbers 0, 1,2,5-2,5-1.

EXAMPLE 7
Every square number is one of the forms 5n, 5n = 1.

SOLUTION

The square of every number is one of the forms (5m)>?
(5m = 1)?, (5m = 2)% If those are divided by 5, the
remainders are 0, 1, 4; and, since 4=5-1,the formsare 5n,
5n+1,and 5n—1.

EXAMPLE 8

Show that the number of primes in N is infinite.

SOLUTION

Suppose the number of primes in N is finite. Let {p , p,...., p, }
be the set of primes in N such that p, <p, <....<p_. Consider
n=1+pp,....p,. clearly n is not divisible by any one of
Pp» Pys---» P, Hence n itself is a prime and n has a prime
divisor other than p, p,....p_. This contradicts that the set
of primesis {p,, p,.....p, } . Therefore the number of primes
in N is infinite.

EXAMPLE 9

If x and y are prime numbers which satisfy x> — 2y’ =1,
solve for x and y

SOLUTION

x?—2y*=1 gives x> = 2y? + 1 and hence x must be an
odd number.

Ifx=2n+ 1, then x*= (2n+1)? = 4n? + 4n + 1= 2y*+1

Therefore y> = 2n(n + 1). This means that y? is even
and hence y is an even integer. Now, y is also a prime
implies thaty= 2.This gives x = 3. Thus the only solution
isx=3,y=2.

DIVISIBILITY TEST
1. A number will be divisible by 2 iff the digit at the
unit place is divisible by 2.

2. A number will be divisible by 3 iff the sum of its
digits of the number is divisible by 3.

3. A number will be divisible by 4 iff last two digits
of the number together are divisible by 4.

4. A number will be divisible by 5 iffdigit at the unit
place is either 0 or 5.

5. A number will be divisible by 6 iff the digit at the
unit place of the number is divisible by 2 & sum
of all digits of the number is divisible by 3.

6. A number will be divisible by 8 iffthe last 3 digits,
all together, is divisible by 8.

7. A number will be divisible by 9 iff sum of all it’s
digits is divisible by 9.
8. Anumber will bedivisible by 10 iffit’s last digit is 0.

9. Anumber will be divisible by 11 iffthe difference
between the sum of the digits at even places and
sum of the digits at odd places is a multiple of 11.
Example. 1298, 1221, 123321, 12344321,
1234554321, 123456654321, 795432

SOLVED EXAMPLE

EXAMPLE 10

Prove that :

1. The sumab +ba is multiple of 11;
2. A three-digit number written by one and the same
digit is entirely divisible by 37.
SOLUTION
1. ab+ba =(10a+b)+(10b+a)=11(a+b);

2. aaa =100a+10a+a=11la=373a.

EXAMPLE 11
Prove that the difference 10% — 7 is divisible by 3.

SOLUTION

Write the given difference in the form 107 —7=(10*—-1)—6.

The number 10— 1 = g;% is divisible by 3(and 9). Since
igits

the numbers (102 — 1) and 6 are divisible by 3, the number
10% —7, being their difference, is also divisible by 3 without
a remainder.
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1.4 Theory and Exercise Book

EXAMPLE 12

If the number A36405489812706448B is
divisible by 99 then the ordered pair of digits (A, B)is

SOLUTION

S,=A+37; S,=B+34 = A-B+3=0orll
and A+ B + 71is a multiple of 9

—> A—B=—-3o0r8 and A+B=1o0r10Ans.: (9, 1)

EXAMPLE 13

Consider anumber N=2 1 P 5 3 Q 4. Find the number of
ordered pairs (P, Q) so that the number ‘N is divisible by 44, is

SOLUTION
S,=P+9,S,=Q+6 = S,—S,=P-Q+3
‘N’ is divisible is 11 if P—Q+3=0, 11

P-Q=-3 (1)
or P-Q=38 ....(ii)
N is divisible by 4 if Q=0, 2,4, 6,8
From Equation (i)

Q=0 P=-3(not possible)
Q=2 P=-1 (not possible)
Q=4 P=1 Q=6 P=3 Q=8 P=5

. number of ordered pairs is 3
From equation (ii)
Q=0 P=8 Q=2
Q=#4,6,8

. No. of ordered pairs is 1

- total number of ordered pairs, so that number ‘N’ is
divisible by 44, is 4

P =10 (not possible) similarly

EXAMPLE 14

Prove that the square of any prime number p > 5, when
divided by 12, gives 1 as remainder.

SOLUTION
When divided by 6, a natural number can give as a
remainder only the numbers 0, 1, 2, 3, 4 and 5. Therefore,
any natural number has one of the following forms :
6k, 6k + 1,6k +2, 6k +3, 6k +4, 6k + 5.
it is obvious that the numbers 6k, 6k + 2, 6k + 3, and 6k + 4
are composite. Therefore, the prime number p > 5 has the
form 6k + 1 or 6k + 5.
Ifp=06k+ 1, then p?= (6k + 1)>*=36k>+ 12k + 1.
If p=6k+ 5, then p? = (6k + 5)*=36k*> + 60k + 25
=12 3k*+5k+2) + 1.

Thus, in both cases, when dividing p? by 12, the remainder
isequal to 1.

EXAMPLE 15

Prove that for every positive integer n, 1" + 8" — 3" — 6" is
divisible by 10.

SOLUTION

Since 10 is the product of two primes 2 and 5, it will suffice to
show that the given expression is divisible both by 2 and 5.
To do so, we shall use the simple fact that ifa and b be any
positive integers, then a" — b" is always divisible by a —b.
Writing A° 1"+ 8"—3"—6",  =(8"—3") — (6" — 1),
we find that 8" — 3" and 6" — 1" are both divisible by 5, and
consequently A is divisible by 5 (=8 —3 =6 — 1). Again,
writing A= (8"—6")—(3"— 1), we find that A is divisible
by 2(=8 — 6 =3 — 1). Hence A is divisible by 10.

LCM AND HCF
1. HCF is highest common factor between any two
or more numbers (or algebraic expression)
when only take numbers Its called highest common
divisor.

2. LCM is least common multiple between any two
or more numbers (or algebraic expression)

3. Multiplication of LCM and HCF of two numbers
is equal to multiplication of two numbers.

ap /
4. LCMof[* J

p L LCMof (a,p, £)
b'qg’'m

~ HCF of (b, g, m)

ap /éj _ HCFof (a,p, /)

5. HCF of [b’a’ﬁ LCMof (b, g m)

6. LCM of rational and irrational number is not
defined.

Remainder Theorem

Let P(x) be any polynomial of degree greater than or equal
to one and ‘a’ be any real number. If P(x)is divided
(x — a), then the remainder is equal to P(a).

Factor Theorem

Let P(x) be polynomial of degree greater than of equal to
1 and ‘a’ be a real number such that P(a) =0, then (x — a)
is a factor of P(x). Conversely, if (x — a) is a factor of
P(x), then P(a) = 0.

Some Important Identities

1. (a+b)>=a’+2ab+b’>=(a—b)*>+4ab
(a—b)>=a>-2ab + b>=(a+ b)*>—4ab
a’-b’=(a+b)(a-Db)
(a+b)y=a’+b*+3ab(a+b)
(a-by=a’-b*-3ab(a-b)
a’+b’=(a+by-3ab(a+b)=(a+b)(a>+b>—ab)
a’ — b’=(a— b)* + 3ab (a — b)=(a — b)(a’+ b* + ab)
(a+b+cy=a’+b’>+c?+ 2ab+ 2bc + 2ca

RIS N A WN

1,1, 1
= a>+ b* + ¢ + 2abc (—+—+—j
a b c
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Basic mathematic & Logarithm 1.5

1
9. a2+b2+c2—ab—bc—ca:§ [(@a—b)*+ (b—c)?

+(c—a)]
10. a3+ b*+c*—3abc=(a+b+c)(@>+b> +c?—

ab—bc—ca):% (a+b+c)[(a—b)*+ (b—-c)?

+ (c—a)]
Ifa+b+c=0thena®+b’+ ¢’ = 3abc

11. a* - b*=(a + b) (a — b) (a>+b?)

12. a4 +2@2+1=@+1P-a=(+a+a’) (1l —a+a?

Remarks

1 11

1. ab+bc +ca=abc (g’rg’rgj

1
2. a?+b*+c?—ab-bc—ca= E[(a—b)“r(b—c)2

+(c—ay]

Definition Of Indices

If ‘a’ any none zero real or imaginary number and m is
positive integer than a™ = a.a.a. .........a (m times) where
‘a’ is base ‘m’ is indices

Law of Indices
1. a°=1, (a=0)

A

2, a™=—, (a=0)

a

3. am*"=am. a", where m and n real numbers

m
4. a" "= ——, where m and n real numbers, a = 0
a

5 . (am)n — amn

q

6. av1= yaP

SOLVED EXAMPLE

EXAMPLE 16

Find p and q so that (x + 2) and (x — 1) may be factors of
the polynomial f(x) = x>+ 10x*>+ px + q.

SOLUTION

Since (x + 2) is a factor f(—2) must be zero
-8+40-2p+tq=0 (1)

Since (x — 1) is a factor, f(1) must be zero
1+10+p+q=0 «(2)

From (1) and (2), by solving we get p=7 and q =-18

EXAMPLE 17

Show that (2x + 1) is a factor of the expression
fix) =32x° — 16x* + 8x* + 4x + 5.

SOLUTION
1
Since (2x + 1) is to be a factor of f{x), F( - Ej should be zero.

(] (3 o

Hence (2x + 1) is a factor of f(x).

EXAMPLE 18

Without using the Remainder theorem, find the remainder
when f(x) =x°— 19x° + 69x* — 151x> + 229x* + 166x + 26 is
divided by x— 15.

SOLUTION

f(x) can be written as

(x6— 15%%) — 4(x° — 15x%) + 9(x* — 15x%) — 16(x* — 15%2) —

11(x2 — 15%) + (x — 15) + 41

or as f(x) = x° (x — 15) — 4x*(x — 15) + 9x3(x — 15)
~16x2(x — 15) — 11x(x — 15) + (x — 15) +41

Since the first six terms have x — 15 as a factor, remainder

=41.

EXAMPLE 19

Without actual division prove that 2x*— 6x* + 3x>+3x -2
is exactly divisible by x* — 3x + 2.

SOLUTION

Let f(x) = 2x* — 6x> + 3x2+ 3x — 2 and g(x) = x> - 3x +2
be the given polynomials.

Then g(x)=x>-3x+2=(x—-1) (x—-2)

In order to prove that f(x) is exactly divisible by g(x), it is
sufficient to prove that x — 1 and x — 2 are factors of f(x).
For this it is sufficient to prove that (1) = 0 and f(2) = 0.

Now, f(x) =2x*— 6x> + 3x> + 3x — 2
= f)=2x1*-6x1+3x124+3 x 1 -2 and,
f2)=2x22—6x2x22+3x2-2

= f1) = 2 - 6 + 3 + 3 — 2 and
f2)=32 48+ 12+6-2

= f(1) =8 — 8 and f(2) = 50 — 50

= f{l)=0and f(2)=0

= (x — 1) and (x — 2) are factors of f(x)

= g(x) = (x—1) (x—2) is a factors of f(x).
Hence, f(x) is exactly divisible by g(x).

EXAMPLE 20

Using factor theorem, show that a—b, b—c and ¢ — a are
the factors of
a(b? — ¢?) + b(c? — %) + ¢ (a® — b?).

Corporate Office : Motion Education Pvt. Ltd., 394 - Rajeev Gandhi Nagar, Kota




1.6 Theory and Exercise Book

a
SOLUTION . . EXAMPLE 25
By factor theorem, a — b will be a factor of the given
expression if it vanishes by substituting a=b in it.substituting Xx—ab Xx-be X-—ca
a=b in the given expression, Solve the equation, =atb+c.

we have a(b? — ¢?) + b(c? — a?) + c(a’? — b?)
=b (b*>— ¢?) + b(c* — b?) + c(b*> — b?)
=b*—bc?+bc?—b* + ¢(b?> - b?) =0
- (a—Db)is a factor of a(b? — ¢?) + b (c? — a%) + c(a’> — b?).
Similarly, we can show that (b — ¢) and (c — a) are also
factors of the given expression.
Hence, (a —b), (b — c) and (c — a) are factors of the given
expression.

EXAMPLE 21
Show that x — 2y is a factor or 3x* — 2x*>y — 13xy* + 10y°.

SOLUTION

Let f(x) = 3x* — 2x%y — 13xy? + 10y?

Then f{(2y) = 3(2y)* - 2y(2y)’ - 13y* (2y) + 10y’
= 24y — 8y* — 26y° +10y* =0

Hence x — 2y is a factor of f(x).

EXAMPLE 22
Show that a" — b" is divisible by a — b if n is any positive
integer odd or even.

SOLUTION

Let a» — b" = f(a). By Remainder theorem,
f(b) = b" — b" = 0 (replacing a by b)

. a—Dbis a factor of a" — b".

EXAMPLE 23

Show that a" — b" is divisible by (a + b) when n is an even
positive integer. but not ifn is odd.

SOLUTION
Let a"— b" = f{a).
Now f(-b) =(-b)"-b"=b"—b"=0
if n is even and hence a + b is a factor of a” — b"
If n is odd, f{(-b) =-b"—b"=—-2b" = 0.

EXAMPLE 24
Ifat+b+c=0,

prove that
a b+ =2+l + @) =12@ + P+ P

SOLUTION

Squaring both sides of the relation

(a> + b2 + % = [-2(bc + ca + ab)]?
=4{p**+c?a’+a*b*+ 2 {bc. ca+ca. ab+ab. bc},

= 4(b* c? +c?a’+a’b? + 8abc (a+ b +¢)

= 4(b%* c*+ ¢? a’> + a’b?),sincea+ b +c=0.

Therefore, 2(b’c? + ¢* a> + a?b?) =1/2 (a*> + b + ¢?)%

Also (a% + b? + ¢? )2 = (a* + b* +c*) + 2(b%c? + ¢? a% + a’b?),

so that 4(b%c? + ¢? a> + a?b?) = (a* + b* +c¢*) + 2(b%? + ¢?

a? + a’b?)

where a* + b* +c* = 2(b%c? + ¢* a> + a’b?).

+ +
+b b+c 1+a

1 1 1
+—+—=0

a+b b+c c+a

What happens if

SOLUTION
(x—ab_cj +(x—bc_a) +(x—ca_b) —0
a+b b+c c+a

1 1 1
= (x—(ab+bc+ca)){++}—0
a+b c+a

b+c
= x =ab + bc + ca.
R B U B
a+b b+c c+a
= the given equation becomes an identity & is true
forall x e R
RATIO

1. IfA and B be two quantities of the same kind,
then their ratio is A : B; which may be denoted by

A
the fraction B (This may be an integer or fraction)

2. A ratio may represented in a number of ways e.g.

b =....where m,n,......are non-zero

numbers.

3. To compare two or more ratio, reduce them to
common denominator.
4. Ratio between two ratios may be represented as

. . a ¢ a/b ad
theratio oftwointegers eg. b7 d be orad:bc.

5. Ratios are compounded by multiplying them

together i.e.——.— . < ...... =

6. Ifa:bisanyratio then its duplicate ratio is a’ : b%;
triplicate ratio is a* : b’..... etc.

7. Ifa:bis any ratio, then its sub-duplicate ratio is
al? : b"%; sub-triplicate ratio is a'® : b'? etc.
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[ ]
PROPORTION EXAMPLE 27
When two ratios are equal, then the four quantities Ifa(y+2z)=b(z+x)=c(x +y),
iti th id to b tional.
compositing them are said to be proportiona a-b  b-c _ c-a
a ¢ o . thenshowthat 2 2~ "2 2~ 72 .2
If — =—, thenitis writtenasa:b=c:dora:b::c:d x-y y-z z-X
b d SOLUTION
1. ‘a’ and ‘d’ are known as extremes and ‘b and ¢’ Given condition can be written as
are known as means.
ytz z+x Xty —K
2. An important property of proportion Product of a 1b 1/ (1)
extremes = product of means.
Each
3. Ifa:b=c:d, then b:a=d: ¢ (Invertando
¢ ) @0t (Y -tn) (D) (xty)
4. Ifa:b=c:d,then a:c=b:d (Alternando) LS L LI
b a c b a ¢
at+b c+d X-y y-z _z-X
5. Ifa:b=c:d, then b q (Componendo) = ab b-oc c-a =k . (2)
a-b  c- ab be ca
6. Ifa:b=c:d, then =4 (Dividendo) Form (1) and (2), we get by multiplying
a+b_c+d Xz_yzzyz_zzzzz_xz
7. Ifa:b=c:d,then ab o a-b b-c c-a
(Componendo and dividendo) a-b b-c c-a
o paoc_c_ " ha+c+e+ ..... = X2-y. Y -2 72-X
S T T S R
Sum of the numerators EXAMPLE 28
~ Sum of the denominators
2a+3b ++/2a-3b
a_¢c_e _ xatyctzet. Ifx:\/za T Jza 35 ,show that 3bx? — 4ax + 3b=0.
9. Ifg—g—?—n,then eachfiberdeerh a -vVZa-
SOLUTION
1/n
a_c_e_ _[xaityc” tze" X
10. 157 =3 - ,then each 7(xb" +yd" +zf"j Taking the left hand side as T, using componendo and
o x+1 +2a+3b
SOLVED EXAMPLE dividendo, x-1  2a-3b
EXAMPLE 26 . (x+1)’_2a+3b . , o
Squaring, (x-1y _ 2a-3b and again applying
Xty ytz z+X
If 7 =2 ,thenfindx :y: z.
3 . x>+l _2a .
SOLUTION componendo and dividendo 2 = 3b which gives the
X
Each = Sumof thenumerators _ 2Axty+z) xtytz answer on cross multiplication.
Sumof the denominators 9 9/2

and therefore each =

(X+y+2z)-(y+z) (X+y+2z)—(x+2)

(X+y+2z)—(x+Yy)

2.2
2 2 2

= AT Ta T T~ =>x:y:z=3:1:5

EXAMPLE 29
2y + 2z - x 2z + 2x - 2X +2y -z
If Y a = b Y - Y , then show

X _ 9y _ 9z
2b+2c-a 2c+2a-b 2a+2b-c

that
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a
SOLUTION 1. We mark the numbers a, a,, .....a_on the number
2y+2z-x 2z+2x-y 2x+2y-z axis and put plus sign in the interval on the right of
Since = =

b c ’
each is equal to
22z + 2x -y) + 2(2x + 2y - 2) - 2y + 2z - X) b

2b+2c-a va
9x o
theorem quoted earlier = bioe.a M simplification.
Similarly, each = %y and & and hence
’ 2c+2a-b 2a+2b-c
the result.
EXAMPLE 30
2+Xx +4/2-x
Solve T 2 x =2
SOLUTION

2
Writing the R.H.S. as7 and using componendo and
dividendo,

V2+x+V2-0)+( 2+x-V2-x) _2+1
W2+x+V2-x)-(2+x-V2-x) 2-1

ooA2+x 3
(l.e.)m 7?
2+x

9
mkSquaring, D x = 1 and again applying componendo

W | oo

4 10
and dividendo —— = — and hence x =
2X 8

INTERVALS

Intervals are subsets of R and generally its used to find
domain or inequality. If a and b are two real numbers
such that

a <b then we can defined for types of intervals

Open Interval (a,b) {xra<x<b}
i.e. extreme points are not includes
Closed Interval [a, b]

i.e. extreme points are includes

It can possible when a and b are finite
Semi-Open Interval (a, b]

i.e. ais not include and b is include
Semi-Closed Interval [a, b)

i.e. ais include and b is not include

{x ra<x<b}

{x :ra<x<b}

{x ra<x<b}

Method of Intervals
Let F(x) = (x-a, )kl (x—a, )k2 ....... (x-a,, )k"’1 (x 7an)k" .
Here k, k,..., k eZare a, a,...a_ ae fixed real num-

bers satisfying the condition

a, <a<a<..<a ,<a

For solving F(x) > 0 or F(x) < 0, consider the following
algorithm:

the largest of these numbers, i.e. on the right of a .

2. Then we put sign in the interval on the left of a_
ifk is an even number and minus sign ifk_is an
odd number. In the next interval, we put a sign
according to the following rule :

3. When passing through the point a__,the polyno
mial F(x) changes sign ifk | is an odd number.
Then we consider the next interval and put a sign
in it using the same rule.

4. Thus, we consider all the intervals. The solution of
the inequality F(x) > 0 is the union of all intervals
in which we put plus sign and the solution of the
inequality F(x) <0 is the union of all intervals in
which we put minus sign.

Frequently Used Inequalities
1. (x-a) (x—b)<0= x e(a,b). wherea<b

2. (x —a)(x —b) >0 = xe(=0,a)u(bx),
where a <b

3. x2 <a?2 = xe[-aa]

4. 2 > g2 = xe(-»,—-alula, o)

5.ax>+bx+¢<0,(a>0)= xe(ap), where

o,p (o < B) are the roots of the equation
ax>+bx+c=0
6.ax>+bx+c>0,(a>0)

= X & (-o,a) U (B,»), where a,B,(o < p) are

the roots of the equation ax*> + bx + ¢ =0

SECTION - B: LOG & PROPERTIES

LOGARITHM OF A NUMBER
The logarithm of the number N to the base ‘a’ is the
exponent indicating the power to which the base ‘a’ must
be raised to obtain the number N.
This number is designated as log N.
HencelogN=x < a*=N,a>0, a=1 & N>0

Common and natural logarithm

Log, N is referred as a common logarithm and fog N is
called as natural logarithm of N to the base Napierian and
is popularly written as /n N. Note that e is an irrational
quantity lying between 2.7 to 2.8 Note that e™* = x.

The existence and uniqueness of the number Zog N follows
from the properties of an exponential functions.

From the definition of the logarithm of the number N to the
base ‘a’, we have an identity :

a"“N=N,a>0,a=1& N>0
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This is known as the FUNDAMENTAL LOGARITHMIC
IDENTITY.

log1=0 (a>0,a=1)

loga=1 (a>0, a=1)

log, a=-1 (a>0,a=1)
Remember

log,,2=0.3010,
log,3=0.4771, /n2=0.693, /(n10=2.303

The principal properties of logarithms :
Let M & N are arbitrary positive numbers, a > 0,
a#1,b>0,b=1 and o is any real number then ;
1. log (M.N) = fog M + fog N
2. (log (M/N) = fogM — fog N
3. logM*=a. logM

4. tog sM= % ltogaM

log,M
5. logM = 7€0gab (base change theorem)

Remarks
1
log,b

1. loga.logb=1 < floga=
2. loga. logb. logc =1
3. fogyx. logy. fogz = log x. M’ = g%

SOLVED EXAMPLE

EXAMPLE 31

logs 13
2logs 9

Compute (L
P 27

SOLUTION

Using in succession the laws of logarithms and exponents

we compute the radicand:

logs 13

1Y o 1 Jlogg13
Xl T 27 "(V27)2

1
:2_7 _(3Iogs13)3/8 =33 1338

where it is clear that the given number is equal to 33> 1316,

EXAMPLE 32

3

Ja
Compute log,, ﬁ iflog, a=4.

SOLUTION
By the laws of logarithms we have
fa 1 1 4 1
log,, ﬁ "3 log, a -5 log, b= 373 log,,b

It remains to find the quantity log, b.
Since 1=log, ab=log, a+log, b=4+log b
It follows that log, b =-3 and so

logab\/g = 3 2.(—3)7?

EXAMPLE 33
1
Compute the value of + .
P log,36  log,36
SOLUTION
1 1 1

= log, 2 +log, 3 = log, 6 = =

[\

+
log,36  log,36

EXAMPLE 34

If log_,(2x — 3) is a meaningful quantity then find the
interval in which x must lie.

SOLUTION
x—3>0,x-3#1 and 2x-3>0 = x>3, x#4 and
x>3/2 = (3,4) U (4, 0)

EXAMPLE 35
. _ . _ .
leegzllc))gza s, log,b = s? and logCz (8) ENTE Write
log,—;— as a function of 's'(a, b, ¢ >0, c#1).
c

SOLUTION
Given log,a=s (1)
logb = 2§%’» 41 wee(2)
log,c* = - e (3)
2loge  §3 41

= 3log2 2

= 4logec=3(s+1) veee(@)

to find 2 log,a+5logb—4logc
= 28+ 1082 - 3(s* + 1)

EXAMPLE 36
If log25 = a and log 225 = b, then find the value of

2
1 1
log([;} J + log(ZZSOJ in terms of a and b (base of
the log is 10 everywhere).

SOLUTION
log25=a; log225=0
2logS5=aj;log(25-9)=Db
or log25+2log3=b
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1Y 1
= 2log3=b—-a now log(gj + log[zz—soj

= —21og9—-1og2250

= —4log 3 —[log 225 +log 10]
= 2(b-a)-[b+1]
=-2b+2a-b-1
=2a-3b-1

EXAMPLE 37
Compute log, 16 iflog,, 27 =a

SOLUTION
The chain of transformations
4 4

log, 16 =4 log, 2 = _10g26 = 1+ loe.3 Flog,3

shows us that we have to know log, 3 in order tof i n d
log, 16. We find it from the condition
log,27=a:a=1log,27=3log,3
3 3 3

logi12 1+ 2log;2 2

log,3

_ 3log,3
2 +log,3

. 2a
which means that log 3 = 3a

(note that, obviously, a # 3).
4(3-a)
3+a

We finally have log, 16 =

SECTION - C: LOG EQUATIONS

LOGARITHMIC EQUATIONS

log, x = log, y possible if x =y

ie fog x=/log y < X=y

Always check the validity of the given equation i.e. x >0,
y>0,a>0,a=1

SOLVED EXAMPLE

EXAMPLE 38
For x > 0, what is the smallest possible value of the
expression log(x® — 4x? + x +26) — log(x +2) ?
SOLUTION
(x® —4x% +x+26) " (x? —6x%+13)(x +2)
(x+2) - (x+2)
=log (x>~ 6x+13) [ x#-2]

=log{(x—3)*+ 4}
Minimum value is log 4 when x =3

log

EXAMPLE 39

Iflog, 15 = o and log,, 18 = - then compute the value of
log,, 24 in terms of o0 & P.

SOLUTION

_I+logi5  2+1logy2

“Tl+log,2° " 1+2log,2
Letlog, 2 =xand log, 5=y

l+y=a(l+%x) e 1)

24x=p2x+1) ©)
From (2)

_2-B

*~% 1 )

Putting this value of x in (1)

_a(+P)-@2p-1
Y 261 '

3x+1
Now log,, 24 = T . Substitute the value of x and y to

5-B

tlog,. 24 =
£et 108 2at+2aB-4p+2

EXAMPLE 40

Suppose that @ and b are positive real numbers such that

7 2
log,,a+log,b = 3 and log, b + loga = 3 Find the value

of the ab.
SOLUTION
7 1 1 7
log,,a + logb = 5= glog3a+ Elong =5
2 1 1 2
log, b + loga = 3= glog3b + ElogBa: 3
adding the equation
1 | b 1 | b 7 2 25
- L= _L .,z _ =2
3 log,(ab) + Zlogy(ab) = 5 + 3 = =

5 25
g log,(ab) = ?

log,(ab) =5

=
= ab=3°=243
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EXAMPLE 41

If logz(log2 (log, x)) = logz(log3 (log, y)) = 0 then
find the value of (x +y).

SOLUTION

logz(log2 (log, x)) =0
log,(logx)=1 = logx=2
log2(log3 (log, y)) =0

log,(log,y)=1 = log,y=3
y=8 .. x+ty=17

= x=9

uu 4y

SECTION - D : LOGINEQUALITIES

STANDARD LOG INEQUALITIES
1. Fora>1 theinequality 0 <x <y & log x <log,y
are equivalent.
2. For0<a<1 theinequality 0 <x <y & log x>
log, y are equivalent.

3. Ifa>1thenlog x<p = 0<x<a
4. Ifa>1 thenlogx>p = x>af
5. If0<a<Ithenlog x<p= x>a°
6. If0<a<Ilthenlogx>p = 0<x<a’
y=log,x (a>1)
X
y=log.x (0<a<1)
Remarks

1. If the number & the base are on one side of the
unity, then the logarithm is positive; If the
number and the base are on different sides of unity,
then the logarithm is negative.

2. Thebase ofthe logarithm ‘a’ must not equal unity
otherwise numbers not equal to unity will not
have a logarithm & any number will be the
logarithm of unity.

3. For anon negative number ‘a’ &n>2, neN

Va = a]/n
SOLVED EXAMPLE
EXAMPLE 42
Iflog, , (x — 1) <log,, (x — 1), then x lies in the interval

SOLUTION

First we note that for the functions involved in the given
inequality to be defined (x— 1) must be greater than 0, that is,
x> 1.

Now logy,(x—1) <log,g(x—1)

= log,;(x—1) < log<o.3)2 (x-1)

= log,,(x—1)* <log,,(x—1)

= x-1P>x-1

[Note that the inequality is reversed because the base of

the logarithms lies between 0 and 1]

S  @-1P-(-1D>0

= x-Hx-2)>0 ...(1)
Since x> 1,
therefore the inequality (i) will hold ifx > 2.
Hence x lies in the interval (2, ).

EXAMPLE 43
x'°%* > 5 then x may belongs to

SOLUTION
(logs x)*> 1

1
= logsx <—1 or logsx>1 =>x<7g or Xx>5

Butx>0

1
= X e (O’gJU(S,o@)

SECTION -E: CHARACTERSTIC & MANTISSA

CHARACTERISTIC & MANTISSA

The common logarithm of a number consists of two parts,
integral and fractional, of which the integral part may be
zero or an integer (+ve or —ve) and the fractional part a
decimal, less than one and always positive.

The integral part is called the characteristic and the
decimal part is called the mantissa. It should be noted that,
if the characteristic of the logarithm of N is p then number
of significant digit in N = p + 1 if p is the non negative
characteristic of log N. Number of zeros after decimal
before a significant figure start is p — 1

SOLVED EXAMPLE

EXAMPLE 44

Let x = (0.15)%. Find the characteristic and mantissa in
the logarithm of x, to the base 10. Assume log 2 = 0.301
and log, 3 =0.477.
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SOLUTION

logx —log(0.15)2°—2010g(%j
=20[log 15 —2]
=20[log 3 +1og 5 2]
=20[log3 + 1 —log2—2]
=20[-1+1log 3 —log2]
=20[-1+0.477-0.301]

=-20x0.824=—1648= 17.52
Hence characteristic = — 17 and mantissa = 0.52

SECTION-F
MODULUS EQUATIONS /INEQUALITIES

ABSOLUTE VALUE FUNCTION /
MODULUS FUNCTION :

A function y = | x| is called the absolute value function or
Modulus function. It is defined as :

. +~
x if x>0 A “
y=lx|= ) ¥ 3
-x if x<0 >X

Remarks
1. |x|l<a =-a<x<a
2. |x|>a = x<-aor x>a

SOLVED EXAMPLE

EXAMPLE 45
Solution of the equation |x + 1| - |[x - 1] =3

SOLUTION
X>1; X+1-x+1=3
Not possible
-1<x<1;, x+1+x-1=3
X =3/2 Not possible
X<-1; -x-14+x+1=3
0=3 Not possible.
EXAMPLE 46

If x satisfies |x—1|+|x—-2|+|x—-3|26, then

SOLUTION
For x < 1, the given inequation becomes
1-x4+42-x+3-x>26= -3x=0

= x < 0 and for x > 3, the given equation
becomes

x=1+x-2+x-326 = 3x>12 = x=>4
Forl<x<2 weget x—1+2—x+3-x>6

= —x+4>6ie.—x22 = x<-2
not possible.
For2 <x< 3,
weget x—1+x-2+3-x2>6
= x>6 hot possible.
Hence solution set is (-«, 0] U [4, «)
i,e.x<0orx=4
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Exercise - 1

Objective Problems | JEE Main

SECTION - A: BASIC MATHS
If A & B are two rational numbers and AB, A + B
and A — B are rational numbers, then A/B is
(A) always rational (B) never rational
(C) rational when B # 0 (D) rational when A = 0

Every irrational number can be expressed on the
number line. This statement is

(A) always true

(B) never true

(C) true subject to some condition

(D) None of these

The multiplication of a rational number ‘x’ and an
irrational number ‘y’ is

(A) always rational

(B) rational except wheny =r

(C) always irrational

(D) irrational except when x =0

If a, b, c are real, then a (a —b) + b (b —¢) +
c(c—a)=0,onlyif

(A)atb+c=0

(B)a=b=c¢

(C)a=borb=corc=a

D)a-b-c=0

If x — a is a factor of x> — a?x + x + 2, then “a’ is
equal to

(A) 0 (B) 2

(C)-2 (D) 1

If2x3 — 5x% + x + 2 = (x— 2) (ax® — bx — 1), then
a & b are respectively
A)2,1
©1,2

(B)2,-1
(D)-1,1/2

Ifx, y are rational numbers such that
x+y)+(x-2y) \/5 =2x—-y+(x-y-1) \/é then
A)x=1lLy=1

B)x=2,y=1

O)x=35,y=1

(D) x & y can take infinitely many values

SECTION - B : LOG PROPERTIES

Find the value of the expression

2 3
+

log, (2000)%  logs(2000)¢ -

1

(A)6 (B) 3

1

©)5 D) 5

9.

10.

11.

12.

13.

14.

A5.

16.

17.

1 1 1

1+ log,a + log,c

+
1+log.a+logb 1+Ilogb+logc

has the value equal to

1
(B) abc

D)1

(A) abc
©0

Greatest integer less than or equal to the number
log, 15 . log, 2 . log, 1/6 is

(A) 4 (B) 3

(©)2 (D) 1

Anti logarithm of 0.75 to the base 16 has the value
equal to

(A) 4 (B) 6

(©)8 (D) 12

The number log,7 is
(A) an integer (B) a rational number
(C) an irrational number (D) a prime number

l0g,143 Hlogy; (a®+1)*
The ratio 3 2a simplifies to
74Iog4qa -a- 1
(A)a’—a—1 (Bya’+a—1
(C)a—a+1 (D)a’+a+1

1 . 1 . 1
logﬂabc logﬂabc logmabc

has the

value equal to
(A) 12
©)2

(B) 1
(D) 4

SECTION - C: LOG EQUATIONS

If 3%°%* _ 2 x — 3 =0, then the number of values
of ‘x’ satisfying the equation is

(A) zero B)1

©)2 (D) more than 2

Iflog, log,, (\E + JE) = % . Then the value of 1000 x

is equal to
(A) 8 (B) 1/8
(C) 1/125 (D) 125

Number of real solution (x) of the equation
[x-3 |3x2—10x+3 =11s

(A) exactly four
(C) exactly two

(B) exactly three
(D) exactly one
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1.14 Theory and Exercise Book

18.

19.

20.

21.

22.

23.

24.

25.

26.

Solve log, i 0
(A)x>2 (B)x <2
(C)x<3 (D) x> 1 32.
Solve log,y, (x - 1) = log,, (x - 1)
(A)x €(1,2] (B)x <2
©)x>1 D)x<1 33.
Solve log (x — 1) > 4
(A)x>8 (B)x>17
(C)x>9 (D) x> 29
34.
Solve log 3)(xz -x)<1
(A) x €(-3,-2) U (-1,00 U (1,2)
(B) x € (-3,-2) U(-1,0) U (1,3)
(©) x e(-3,-1)U(=1,0)U(1,2) 3s.
(D) x e(-3,-1)U(-1,00U(1,3)
SECTION - E : CHARACTERSTIC & MANTISSA
How many digits are contained in the number 27 ?
(A) 21 (B) 22
(C) 23 (D) 24
36.

27.

Number of real solution of the equation 28.

V1og, (-x) = log, v x? s

(A) none (B) exactly 1

(C) exactly 2 (D)4 29,

log, log, log, x=0

(A) 16 (B) 8

©) 4 (D) None

2 log, (4 -x)=4 —log, (-2 —x).

(A)—4 (B) 4

©3 (D) None

log?, x +log,,x* = log}, 2~ 1 30.
1 1

() 5 B) &
1

©) 2 (D) None 31.

SECTION - D : LOGINEQUALITIES

Xx-1

Let ‘m’ be the number of digits in 3% and ‘p’ be
the number of zeroes in 3740 after decimal before
starting a significant digit the (m + p) is
(log3=0.4771)
(A) 40
(C) 41

(B) 39
(D) 38

Given that log(2) =0.3010..... the number of digits
in the number 20002900 js
(A) 6601
(C) 6603

If P is the number of integers whose logarithms to
the base 10 have the characteristic p , and Q the
number of integers the logarithms of whose
reciprocals to the base 10 have the characteristic —
q , Find value of log, P - log, Qs :

A)ptq-1 B)p-q+l
OC)p+qtl (D) None

(B) 6602
(D) 6604

SECTION - F: MODULUS EQUATIONS /
INEQUALITIES
The number of real roots of the equation
x> = 3|x|+2=01is

A1 (B)2

©)3 (D)4
Solution of |[4x + 3|+ |3x— 4| =12 is
eo 13 b 32
A)x=-37 B)x=-7-3
Ol Mo 37
O x=-=>7 D)x=-273
x-3|+2x+1]=4

(A) -1 (B)1

©0 (D) None
IxP—|x|+4=2x>-3|x]|+1
(A)3 (B)2

©0 D)1

SECTION - G : MIXED PROBLEM

Iflog,,2=0.3010 & log, ;3 =0.4771, find the value
oflog,, (2.25).
(A)0.3522
(C) 1.3522

(B)0.03522
(D) None

The value of the expression

log,(tan6°) + log, (tan 12°) + log, (tan 18°) +
........... + log,(tan 84°) is

(A) a whole number

(B) an irrational number

(C) a negative integer

(D) arational number which is not an integer

Let ABC be a triangle right angled at C. The value

log, . atlog , a

Of lOgb+Ca'10gC7ba (b‘l’ci l7
c—b= 1) equals

A1 (B)2
©3 (D) 12
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